Introduction, motivations and technical background
The dynamics of a relativistic point-particle of mass m is encoded into an action which is essentially the proper length of the particle world-line x µ = X µ (τ ), i.e. S = −m dτ −Ẋ µẊ µ ≡ dτ L(X,Ẋ), whereẊ µ (τ ) is the tangent 4-vector.
Besides its geometrical meaning, this action also exhibits invariance under time reparametrization τ → τ ′ (τ ). With such a symmetry, this elementary system represents the "prototype" of any theory invariant under general coordinate redefinitions. The dynamical variables commonly used to describe point-like particles are either the Hamiltonian pair (X µ , P µ ), where P µ is the linear momentum conjugate to the tangent vectorẊ µ according to P µ = ∂L/∂Ẋ µ , or the Lagrangian coordinates (X µ ,Ẋ µ ). The two ( dynamically equivalent ) descriptions are related to each other by the Legendre transform.
A string is the simplest generalization of a point-like particle: it extends in one spatial dimension and spans, evolving in time, a two dimensional world-surface.
If H is a domain in the space of the parameters ξ a = (τ, σ) which represent local coordinates on the lorentzian string manifold, and Ω is an embedding of H in the Minkowski space M, then Ω : ξ ∈ H → Ω(ξ) = X µ (ξ) ∈ M . In particular, the tangent bi-vector in parameter space
is mapped by Ω into the tangent bi-vectoṙ
at each point of the embedded sub-manifold x µ = X µ (ξ) representing the string history W in Minkowski spacetime. In the analogy with the point-particle case, a reparametrization invariant action, which is proportional to the world-sheet area, can be assigned to the string according to:
µνẊ µν ≡ dτ dσL NG (X,Ẋ) .
(1.3)
In the canonical approach based on the analogy with the point-particle case, one defines two linear momenta, P µ and P ′ µ canonically conjugated toẊ µ = ∂X µ /∂τ and X ′ µ = ∂X µ /∂σ respectively, and then one develops the corresponding hamiltonian formalism. This is the usual starting point to string normal modes decomposition and subsequent quantization. However, this approach breaks reparametrization invariance on the world-sheet from the very beginning, so one of the main features of the model is lost. In order to preserve this symmetry at all times, one has to treat τ , σ on an equal footing, and this requires a non-canonical formulation of string dynamics, i.e. the introduction of new non-canonical variables. In this connection, the key remark is that in going from a point-like object to an extended system, quantities like ∂ a X µ lose their physical meaning of " velocities "; rather, they become projectors on the string world-sheet. To maintain the analogy with the point-like particle case and with the geometric meaning of the velocity as tangent element to the world-trajectory of the physical object, it is preferable to define the string velocity as the tangent bi-vector (1.2) . In this case, the conjugate dynamical variable is the area momentum [1, 2] Π µν ≡ ∂L NG ∂Ẋ µν = 1
which involves both P µ and P ′ µ , ⋆ and, according to eq.(1.4), is proportional to the unit norm tangent element to the string world-sheet. Then, Π µν satisfies the generalized mass-shell condition
which corresponds to the relativistic particle momentum constraint p µ p µ = −µ 2 .
Similarly, in terms of the dynamical variables (X µ , Π µν ), the string equations of motion take on the compact form
The embedding Ω maps the boundary of H into the world-lines of the the string end-points
Thus the first equation in (1.6) represents the conservation of the area momentum along the string world-sheet, while the second provides boundary condition at the string end points.
Motivation and objectives
⋆ The area momentum is simply related to the canonical momenta; in fact
ρσẊ ρσ ≡ 2πα ′ P a µ , and
To reiterate the main point of our introductory remarks: the choice of dynamical variables (X µ , Π µν ) offers several distinct advantages over the conventional choice of canonical variables. First, it preserves covariance on the world-sheet at any stage in the formulation of string dynamics. This property is particularly desirable since it suggests a novel approach to the quantum theory of extended systems [2] ; second, it lends itself to a straightforward generalization to the case of submanifolds of higher dimensionality and, in the process, it enlightens the close correspondence between the theory of extended systems and the Hamilton-Jacobi formulation of the mechanics of point particles [3, 4] . Against this background, our immediate objective is to show that the new choice of variables (X µ , Π µν ) enables one to cast the first equation of motion in (1.6) in the form of a Bianchi Identity.
This property, in turn, opens the way to the formulation of string dynamics as the gauge theory of an antisymmetric tensor field. Such a gauge formulation for strings is the primary purpose of the paper. In physical terms, the payoff of this new gauge formulation is a mechanism of mass generation for antisymmetric tensor fields ( in this specific instance, the Kalb-Ramond field ). The resulting equations describe massive spin-1 particles and represent the relativistic counterpart of the London equations of superconductivity. Elsewhere we have speculated that this new mechanism of mass generation, when applied to an antisymmetric tensor field of rank-3, may play an important role in cosmology in connection with the problem of production of dark matter in the early universe [5] . An equally interesting application of the gauge formulation of string dynamics is briefly discussed in section-3 in connection with the induced gravity program pioneered by Zel'dovich and Sakharov [6] as a way to get around the long standing problem of quantizing General Relativity.
There we will argue that the Einstein and Kalb-Ramond terms are generated in the effective action for the background fields as induced quantum terms describing the low energy behavior of the underlying quantum string theory.
Technical background
Before we embark on a detailed discussion of the gauge formulation of string dynamics, it may be helpful to address the main technical difficulty that we need to overcome. Suppose that one is able to invert the relation between x µ and ξ a ≡ (τ, σ) so that ∂ a in (1.6) is expressed through the chain rule as
Then, the first equation in (1.6) can be written as
However, from the condition (1.5) we deduce that Π µν ∂ α Π µν = 0. Then, eq.(1.7)
can be fully antisymmetrized, yieldinġ
Thus, whenever the matrixẊ λν is non-degenerate, eq.(1.8) implies that Π µν satisfies a Bianchi-type Identity and therefore can be written, at least locally, in terms of a gauge potential B µ (x). The above remarks are quite general and apply both to closed and open strings.
Unfortunately, this result hinges on two assumptions which are at least questionable. In fact:
i) in order to invert the relation x µ = X µ (τ, σ) one has to consider a two-parameter family of classical solutions x µ = X µ (τ, σ, φ 1 , φ 2 ) and assign to φ 1 , φ 2 the role of additional coordinates in parameter space [7] . Then, the embedding functions establish a mapping between spacetime and parameter space which, however, may not be one-to-one and is thus beset with integrability problems. In any case, this kind of approach which describes strings in terms of a pair of scalar fields, i.e. φ 1 ,φ 2 , is hard to interpret as a genuine gauge theory.
ii) If the matrixẊ µν represents the tangent element to the string world-sheet, then it is degenerate. In fact as Φ(x) = dS 1) ∧ dS 2) . This property is essential to solve the problem i) [8] .
The role of the slope field in connection with string dynamics has already been discussed by some authors, but mainly from a kinematical point of view as a useful device to describe a family of minimal surfaces solving the classical string equation of motion [1] [2] [3] .
Property c) led Nielsen and Olesen [9] to identify the string field strength as the dual of a closed world-sheet
Here, the absence of a boundary guarantees that F µν defined by (1.10) satisfies the Bianchi Identity so that, at least locally, a gauge potential can be defined:
Therefore, in the Nielsen Olesen formulation, F µν acquires the meaning of string ⋆ Sometimes in the literature this property is referred to as the Plücker condition [3] .
geodesic field. However, the ansatz (1.10) has several drawbacks: first, it appears that only closed strings can be given a gauge type description; second, it is not possible to prove that (1.10) is a solution of the field equations of A µ ; third, the degeneracy of the matrixẊ µν forbids a frame-independent derivation of the string equation of motion from the A µ field equation.
Our main purpose is to derive a general gauge description both for closed and open strings, solving the above technical and conceptual problems. The way-out is to give up the ansatz (1.10) and to consider the slope and the geodesic fields as basically distinct objects, which are related to each other by a set of classical field equations derived from a suitable Lagrangian density. The slope field accounts for the geometric properties a) and b); instead, the geodesic field represents the gauge partner of the slope field, and satisfies the Bianchi Identity by definition. Then, the solutions of the field equations provides the link between them, and relates geometric features to gauge properties of the string. However, in order to implement this program, one has to revise, from the very beginning, the relation between the slope field and the string current; then, one has to discuss the connection between the slope field, the string current and the Kalb-Ramond potential which mediates the gauge interaction between string elements.
Basically, the slope field is nothing but the generalization of the notion of velocity field in a continuous medium. Suppose that a spacetime region is completely filled with a fluid of point-like particles, each moving along non-intersecting worldlines. Rather than describing the fluid dynamics in terms of the motion of each microscopic constituent, one defines a regular vector field which matches at any point the 4-velocity of the corresponding particle. This idea can be applied to the string theory as well, in which case Φ µν can be related to the string current
where we have explicitly regularized the distribution J µν by assigning a physical width a to the string. Notice that the string current satisfies the condition
again, because there is no totally antisymmetric four index tensor in two dimensions. The only relevant difference between the string current and the slope field is that J µν (x) is a distribution different from zero only along the string world-sheet, while Φ µν (x) is a field defined over the whole spacetime manifold. The above results are concisely expressed by the relationship
which is our own definition of the slope field in terms of the string current. By comparing eq.(1.12) with eq.(1.15) one would be tempted to say that Φ µν (x) is nothing butẎ µν with Y (ξ) replaced by x µ [9] . This identification, however, must be made with caution. As a matter of fact, the geodesic field resulting from a given family of minimal surfaces which are solutions of the classical string equation of motion, should be constructed according to the following procedure: given a classical solution X µ (ξ), compute the corresponding area momentum, then use both the embedding equations x µ = X µ (ξ) and the string equation of motion to write the area momentum as a function of x. Then, the resulting field is a smooth function of the coordinates and represents the " canonical " extension of Π µν in the sense that the 2-form Π(
The rest of the paper is organized as follows:
in Sect.2 we study a non-linear Lagrangian for the geodesic field of both open and closed strings interacting with Kalb-Ramond and electromagnetic potentials.
The on-shell equivalence of this model with ordinary string theory is shown.
In Sect.3 we discuss the coupling of the string geodesic field to gravity, and its non-abelian generalization.
The String Gauge Field Strength
In this section we shall introduce a non-linear Lagrangian for the string geodesic field which is partly suggested by the physical interpretation of strings as extended solitons of an underlying local field theory, and partly by earlier investigation of string non-linear electrodynamics by Nambu [1, 3] , Nielsen and Olesen [9] .
The two cases of open and closed strings have to be discussed separately.
Closed strings
Let us consider the following action
where W µν (x) is a totally antisymmetric tensor andḡ is a dimensional constant.
Physical dimensions are assigned as follows:
An action of this type was proposed by Nambu as an effective abelian theory interpolating between QCD and classical string dynamics [3] .
At this stage, the B-field appearing in eq.(2.1) is simply a Lagrange multiplier enforcing a " transversality " condition for the W µν field; we shall see that on-shell the B µ -field becomes the string gauge potential. In fact, by varying the action (2.1) with respect to B µ and W µν , we get the following set of field equations
The closed string appears as a special solution of (2.2) , namelŷ
The general solution of (2.2), i.e., W µν = cJ µν + ǫ µνρσ ∂ ρ V σ , includes a " radiation part " described by a vector field V λ (x), which we set equal to zero everywhere in the following discussion since our present purpose is to identify string-like solutions of the action (2.1).
The right hand side of (2.4) is, except for a multiplicative constant, the current distribution associated with the two-dimensional manifold W representing the string history. If the string is spatially closed, then ∂W = ∅ and J µν has vanishing divergence. Eq.(2.3) is an algebraic relation linking the slope field W µν (x) to the string field strength F µν :
from which it follows that the Hamilton-Jacobi (H-J) equation
2-form which satisfies (on-shell) the generalized H-J equation (2.6).
The net result of these manipulations is that while W µν (x) is a singular field having support only along the string history, F µν is defined over the whole spacetime manifold. Furthermore, when evaluated on the string world-tube, F µν is proportional to the area conjugate momentum. In fact,
Conversely, eq.(2.5) defines the area field Π µν (x) which is the canonical(=rank-2) extension of the volume momentum:
Note that eq.(2.7) implies that we identify the termḡ 2 c with the string tension.
That this is indeed the case can be verified directly by inserting the solution (2.4) into the action (2.1). This operation yields the classical effective action for X(ξ),
which represents the action for a free string with an effective string tension 1/2πα ′ ≡ cḡ 2 .
⋆ Finally, as a consistency check, we wish to show that the gauge field representation of the string in terms of F µν leads to the classical equations of motion (1.6).
To this end, we recall that F µν satisfies the Bianchi identities everywhere, so that in view of eq. (2.8)
at each spacetime point. Then we can project eq.(2.10) along the string history, that is, we evaluate Π µν (x) at x = X(ξ) and take the interior product withẊ λµ :
The last line in (2.11) is just the classical equation of motion (1.6) of the string.
⋆ Note that second term in (2.1) does not contribute to (2.9) since ∂ µ J µν = 0
The gauge interaction
Closed inter-string interaction is known to be mediated by the Kalb-Ramond gauge potential A µν (x) [10] . Thus, it seems natural to ask what is the relationship, if any, between the geodesic field associated to the string and its gauge partner A µν (x). In other words, once it is accepted that the action (2.1) describes a theory of closed strings, the next step is to study how to introduce the interaction with the Kalb-Ramond field.
Let us consider the following model:
where the coupling constant k has the dimension of mass, and
the Kalb-Ramond field strength. The action (2.12) is invariant under the set of transformations Now the field equations become
14)
Again, the closed string appears as a special solution of the type (2.4) of eq.(2.14),
while the field strength of the string, i.e. the geodesic field of the string, can be absorbed into a redefinition of the Kalb-Ramond fieldÃ µν which is gauge invariant under (2.13), and therefore can be interpreted as the physical string field strength 
If we insert the solutions of eqs.(2.14-2.16) in the action (2.12), and take into account that the the field strength H µνρ of A µν andH µνρ ofÃ µν are the same, then we find the effective action
which is just the usual Kalb-Ramond classical action coupled to a closed string, where, 1/2πα ′ ≡ cḡ 2 is the effective string tension, andκ ≡ cκ is the effective coupling constant.
By inverting eq.(2.19) one obtains for the string geodesic field Π µν (x) = −κÃ µν (x).
Then, the curl of Π µν (x) turns out to be proportional to the Kalb-Ramond field strength
Finally, by projecting eq.(2.21) on the string-world sheet, we obtaiṅ
which is the " Lorentz force " equation for the string. Furthermore, by substituting the solution (2.4) into eq.(2.16), we obtain the Kalb-Ramond field equation coupled to the string current
Open string
The open case requires some further discussion. In fact, the current of an open string has a non vanishing divergence, and thus it does not satisfy eq.(2.2). More precisely
where x µ = X µ (τ, σ = σ i (τ )) represent the world-lines of the two string end points
Read from right to left, eq.(2.24) represents the old " trick " used by Dirac to describe the electrodynamics of a pair of opposite point-charges in terms of string variables [11] . The boundary current J ν has vanishing divergence as consequence of the identity ∂ µ ∂ ν J µν ≡ 0. The above remarks suggest the rationale to modify our gauge field formalism in order to be able to describe the open string as well. The action (2.12) has to be supplemented with terms describing the motion of the string end points and with an abelian vector gauge potential to compensate for the " leakage " of symmetry through the boundary:
where κ is the Kalb-Ramond coupling constant, and µ 0 is the mass of the particles located at the string boundaries. Note that the action depends now explicitly on B because of the coupling to the boundary current, whereas the action (2.12) depends on B only through its field strength. With hindsight one realizes that the action (2.25) is designed to ensure that a special solution of the type (2.4) still exists.
The model is now invariant under the extended gauge transformations
From the above gauge transformations it follows that δH µνρ = 0, but
so that F does not represent a physical quantity. Gauge invariant field strengths can be assembled as follows: 
where open string having the two world-lines x = X 1) (τ ) and x = X 2) (τ ) as its only boundary: c) Equation (2.31) relates B µ and A µν to the slope field :
where the effective string tension now is 1/2πα ′ ≡ḡ 2 f . d) Using the string solution (2.35) , the above system of field equations can be written in the form:
The interpretation of the above equations is as follows. First, equation (2.40) which is the covariant curl of eq (2.36), provides the actual link with string dynam- are the equations that actually govern the dynamics of the string.
The other two field equations tell us something new: first we note that eq.(2.39)
guarantees that H µνρ is a regular function. In fact, from equation (2.37) 
describing the propagation of a massive, spin 1 field coupled to its source J νρ (x).
So, the initially massless, spinless field A µν , because of its mixing with the vector gauge potential A µ acquires mass and spin: this is a peculiar mechanism through which tensor gauge potentials become massive [12] . Notice that the count of degrees of freedom is the same as in the conventional Higgs mechanism: a spin-1 gauge field with two degrees of freedom combines with a massless spin-0 field thereby acquiring the three degrees of freedom necessary to describe a massive spin-1 particle. The difference here lies in the fact that the massless spin-0 field is itself a gauge field, i.e., the rank-2 antisymmetric Kalb-Ramond potential A µν .
On physical grounds, equations ( ⋆ A similar picture can be constructed in terms of higher dimensional extended objects, i.e. membranes or bags and higher rank antisymmetric tensor gauge fields [5] .
the surrounding background medium, whereas equations (2.38) and (2.40) govern the evolution of the string in such a background. Clearly, if there is any element of truth in the above scenarios, then two questions arise immediately: i) what is the effect of gravity on the gauge formulation of string dynamics?, and ii) with an eye on the Standard Model of particle physics, is it possible to attach internal indices to the string geodesic field W µν ?
We will briefly examine both questions in the next section. However, for completeness, we shall close this section with the observation that the equations of motion (2.37)-(2.40) can be derived from the effective action
which is obtained by inserting the solution (2.35) in the action (2.12), and represents an open string with massive charges at the end points. " Neutral " strings with massive end-points have been studied by several authors [13] , [14] , mainly in connection with hadron dynamics [15] . The novel feature of S eff. is the " residual gauge symmetry " [12] 
surviving after the elimination of B µν in favor of the string variables.
Generally covariant and non-abelian formulation
As we anticipated in the previous section, here we consider the possibility of extending the formalism described so far in two directions: i) coupling the system to gravity, and ii) non-abelian string geodesic fields.
Generally Covariant Formulation.
For the sake of simplicity, we shall consider the interaction of closed strings with the gravitational field. Accordingly, we substitute in (2.1) the Minkowski metric with g µν (x), replace ordinary derivatives with generally covariant ones ∇ µ , and add the Einstein action. Thus, we are led to consider
Here, g ≡ detg µν . The corresponding set of field equations represents the generally covariant generalization of eqs.(2.2-2.3)
supplemented by the Einstein equations:
where the energy-momentum tensor in the r.h.s. is given by
Then, a closed string appears as a special solution of (3.2) , namelŷ 6) which is nothing but the general covariant form of the string-current. To demonstrate the equivalence with gravity coupled to a closed string we still have to show that (3.4) is the Einstein field equation with a string source in the r.h.s. To do that, we notice that the Lagrangian in (3.5) vanishes on-shell, i.e. L(F ; W ) = 0.
Then
and the equivalence with General Relativity becomes manifest once we show that the energy-momentum tensor has vanishing divergence This is indeed the case if X µ (ξ) represents a classical solution of the string equation of motion. In fact
The first term in the last line of equation (3.8) is a pure surface integral, which is zero for a closed string. Furthermore, anti-symmetrized covariant derivatives can be replaced with ordinary partial derivatives, and this yields the desired result, At this point one might elect to investigate the nature of the solutions of the classical system (3.1). However, in view of the equivalence that we have just established, a discussion of some such solutions already exists in the literature, especially in connection with cosmic strings [16] . Presently, what interests us is a deeper conceptual question: with an eye on quantum gravity and on its attending difficulties, is it really necessary to include from the very beginning the Einstein term in the action (3.1)?
We are partly led to this question by the result communicated in a previous
article [17] where we have shown that General Relativity may arise as the low energy limit of a quantum theory of relativistic membranes. Indeed, the current attitude towards ultra short distance physics is to replace local fields with extended objects, mainly strings, as fundamental constituents of matter and to treat particle physics below some (string) energy scale as a local limit of the fundamental theory.
In the following we shall argue briefly that our gauge formulation of string dynamics is perfectly consistent with this point of view.
Suppose we start from the action 10) where g µν (x) and K µν (x) represent respectively a symmetric and an anti-symmetric arbitrary external source, i.e., they are background fields implementing invariance under general coordinate transformations and extended gauge invariance,
(3.11)
At this stage there is no relationship between g µν (x) and the physical spacetime metric, nor between K µν (x) and the Kalb-Ramond tensor potential. However, once
is eliminated from (3.10) by means of the formal solution (2.4), we obtain the action for a string non-linear σ-model [18] :
Then, an effective action for the background fields is induced at the two-loop quantum level [19] , and can be computed in a perturbative expansion in powers of the inverse effective string tension:
Thus, in such an approach, the Einstein and Kalb-Ramond terms are recovered as induced quantum terms, describing the low-energy behavior of the underlying quantum string theory.
Non-Abelian geodesic field
Spatially extended objects were introduced into hadronic physics after the recognition that the energy spectrum of the dual resonance model could be interpreted in terms of the vibrating modes of a relativistic string [20] . Further elaboration of this idea led to models of the meson as a pair of colored quarks, or monopoles, joined by a thin flux-tube [21, 22] .
Therefore, if we believe that the geodesic field approach discussed above is general enough to provide a consistent description of elementary strings as well as gauge strings, then it should be possible to embody non-abelian symmetries into the proposed approach. It turns out, however, that there are severe restrictions on the feasibility of this program. The rest of this section is devoted to discuss this problem.
Again, we shall follow a line of reasoning similar to the one proposed in the previous section, i.e., we start from the non-abelian current associated with a pair of " colored " point-like objects By implementing again the " Dirac trick ", we write J a µ as the gauge covariant divergence of a singular Yang-Mills field 15) where x µ = X µ (τ, σ) describe a world-sheet having the two world-lines x µ = ⋆ What we have in mind is the QCD string, so we consider SU (3) c as the underlying symmetry group of strong interactions, and let the color index a = 1, . . . 8.
In order to distinguish internal indices we shall write them always as upper indices. Repeated indices are traced over with an euclidean metric.
µ (τ ) as its only boundary, i.e.
In order to implement the Dirac relationship between G a µν and J a µ we require that ρ a [X] be covariantly constant [23] , i.e.
This constraint is reasonable since ρ b [X] is not a dynamical variable, but rather an external source which can be suitably chosen. It also follows from (3.17) that (ρ a ) 2 ≡ ρ a ρ a is independent of the world-sheet coordinates
It is also worthwhile to remark that the regularized form of G a µν evaluated on the string world-sheet factorizes in the product of the color distribution times the ( abelian ) volume momentum Accordingly, we establish the following relation between the string field G a µν (x) and the slope field:
From the above equation one derives a formal expression for G a µν squared:
which we shall use later on.
The above remarks suggest we can write an SU(3) invariant action for the string geodesic field as follows 
where f a bc are the SU(3) structure constants. The corresponding field equations are δ Bµ S c. = 0 :
From the first two equations we derive the following formal solutions in terms of string variables
and Therefore, the system of eqs. (3.24)-(3.27)can now be written in the familiar " string " form: 
(3.38)
The functional (3.38) is a generalization of the " massive ends " string action suggested by Chodos and Thorne [13] , including color and interacting with a YangMills field.
Notice how the color degree of freedom disappear from the Nambu-Goto action, having been completely re-absorbed into the definition of the string tension. In fact, non-abelian gauge symmetry is incompatible with reparametrization invariance for any kind of spatially extended object [25] , so that a true realization of a colored string seems to be impossible. In this connection, observe that in eqs. Kalb-Ramond theories and chiral, non-linear σ-models [26] ; the second consists in compensating the lack of vector gauge symmetry by means of suitable matter fields [27] . The final goal is to introduce a new mass generating mechanism arising from the mixing between tensor and vector gauge bosons.
